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ON HERMITE-FEJER INTERPOLATION IN A JORDAN DOMAIN 

CHARLES K. CHUI AND XIE-CHANG SHEN 

ABSTRACT, The Hermite-Fejer interpolation problem on a Jordan domain is 
studied, Under certain mild conditions on the smoothness of the boundarv 
curve, we give both uniform and LP , 0 < p < 00, estimates on the rate o'f 
convergence. Our estimates are sharp even for the unit disk setting, 

1. INTRODUCTION 

Let D be a Jordan domain in the complex plane C with boundary rand 
Z k = Z nk ' k = 1 , ... , n , be sample points chosen on r. Also, let q be a non-
negative integer and N = Nn := (q + l)n - 1. In this paper we will consider 
the interpolation problem: 

(1.1 ) if(j)(/' Z ) = a(j) 
N 'k k' 

k = 1, ... , nand j = 1, ... , q, where 1 belongs to the class A(D) of 
functions analytic in D and continuous on D = D U r, and ifN(f; .) E 7(N' 
the space of all polynomials with degree at most N. Note that since 1 is not 
necessarily differentiable at Z k relative to D and the family of data values 
{a~)} is arbitrarily given, the problem under consideration is different from 
the Hermite interpolation problem. In particular, by choosing a~) = ° for all 
k = I , ... , q , the problem 

(1.2) HN(f; zk) = I(zk)' HV)(f; zk) = 0, 

k = 1, ... ,n and j = 1, ... , q , where 1 E A (D) and H N (f; .) E 7( N' IS 

usually called the (0, 1, ... ,q) Hermite-Fejer Interpolation Problem. 
It is well known that even for the unit disk U = {z : Izi < I}, any q, and 

12rrk/n 1 -) h (I) Z k = e , there exists an E A ( U such t at H N ;. does not converge 
uniformly on U to 1 (see [13]). In this paper, under certain smoothness 
conditions on the Jordan curve r, we will first give a necessary and sufficient 
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condition on IE A(D) that guarantees uniform convergence of HN(f; .) to I 
on D for a~) = o( nJ /In n) , and derive the order of uniform convergence on D 
of the Hermite-Fejer interpolatory polynomials HN(f; .) to I in terms of the 
modulus continuity of I. We will next show that for a~) = o(nJ) , HN(f;·) 
always converges in L P (r) to I E A(D), 0 < p < 00, and, in fact, a sharp 
order of convergence of H N (f; .) in L P (r) , 0 < p < 00 , will be given. 

Of course, for q = 0, problems (1.1) and (1.2) become the Lagrange inter-
polation problem: 

( 1.3) 

N = n - 1, k = 1, ... , n, and LN E 7r N . For an analytic Jordan curve r, 
Curtiss [3] has shown that IILN(f; .) - 1112 -+ 0 for all IE A(D) by using the 
Fejer nodes zk on r. Here and throughout, II· lip denotes the LP -norm on 

f 2+d , r. Later, for a Jordan curve r 0 class C ,for some 6 > 0, Al per and 
Kalinogorskaja [2] improved the result in [3] by showing that 

for any p, 0 < p < 00. Recently, this result was further improved by the second 
1+' author and Zhong [10] to a Jordan curve r of class C a where the order 

of approximation O( w(f; M) is also given. Here and throughout, w(f; 6) 
denotes the modulus of continuity of I on r using the uniform norm. We 
remark that the L P , 0 < p < 00, modulus of continuity cannot be used even 
for the LP estimate of IILN(f; .) - Illp. 

The only result in the literature for Hermite-Fejer interpolation on a Jordan 
curve different from the circle was obtained by Gaier [6], where an analytic 
curve rand q = 1 are considered and the convergence is only uniform on 
compact subsets of D. Various recent results concerning convergence on the 
unit disk of Hermite-Fejer interpolatory polynomials at the nth roots of unity 
can be found in Szabados and Varma [11], Varma [12], and the second author 
[8, 9]. 

2. MAIN RESULTS 

Throughout this paper, W = <1>( z) denotes the exterior conformal map from 
C\D onto Iwi > I such that <1>(00) = 00 and <1>'(00) > O. Let 'P = <1>-1 and 
write 

(2.1 ) d -1 
Z = 'P ( w) = w + ao + a 1 w + . .. , 

where d = 'P' (00) > O. It will be clear that by a standard transformation, we 
may assume, without loss of generality, that d = 1 . Extend 'P to a continuous 
function on Iwl ~ 1 and set zk = znk = 'P(wnk ) where wnk = w k = ei271k/n 
Recall that the Z nk 's are usually called the Fejer points on r = 8 D. We need 
some assumptions on the smoothness of r. 
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Definition. (i) r is said to be of class j 1 if '1" (w) exists and is continuous on 
Iwl 2: 1, and its (uniform) modulus of continuity al (t) on Iwl = 1 satisfies 
the condition 

(2.2) a> O. 

" (ii) r is said to be of class j2 if 'I' (w) exists and is continuous on Iwl 2: 1, 
and its (uniform) modulus of continuity a2(t) on Iwl = 1 satisfies the condition 

(2.3) r a2 (t)llntldt<00, a>O. 10 t 
It is well known [1] that if r belongs to class j 1 ' then 'I' satisfies: 

(2.4) 0 < C1 ~ I 'I'(w~ = :(u) I ~ C2 

for all w =I- u and Iwl, lui 2: 1. We remark that in [1] it is shown that (2.4) 
already holds for those r with 

l aal (t)d -- t < 00. 
o t 

In addition, it is shown in the same paper that 

(2.5) 0 < C1 ~ 1'1" (w)1 ~ C2 

for all w, Iwl2: 1. 
Let 

(2.6) 
n 

wn(z) = II (z - z). 
j=1 

Then for each k, (z - zk)/wn(z) is analytic at zk' so that we can write 

(2.7) ( Z - Z k ) q+ 1 <Xl V 

wn(z) = ~ ak1;(z - zk) , 

where akv = akv (q , n) , q = 0, 1 , .... In the following, we will give an asymp-
totic estimate of ak1; = ak)q, n) as n -> 00. We need the notation 

(2.8) Z = 'I'(w). 

Theorem 1. Let r belong to class j2' Then for each v and q = 0, 1, ... , 

(2.9) ( 1) a -a n -0 kv - k)q, ) - nq+I--v 

and the estimate is uniform in k, 1 ~ k ~ n . as n -> 00 . 

Here and throughout, L/# denotes the summation over all I = 1, .. , , n 
with I =I- k. To construct the interpolatory polynomials HN(f;·) and HN(f;·) 
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(2.10) 

where i = 0, ... , q and I = 1 , ... , n. It is obvious that Akj E n N and we 
will verify that they satisfy 

(2.11 ) k,I=I, ... ,n; v,i=O, ... ,q, 

where, as usual, I5 jj denotes the Kronecker delta. 

Theorem 2. For any f E A(D). any nonnegative integer q. and arbitrary 
I b (j) k 1 . 1 h' . comp ex num ers ak , = , ... , n , ] = , ... , q, t ere eXists a unzque 

H N(f; .) E n N satisfying the interpolation conditions (1.1). Furthermore. 
HN(f;') is given by 

( 2.12) 
k=l k=l j=l 

In addition, under the assumption that r belongs to the class i 2 , the fundamental 
functions Akj satisfy the following estimates: 

(2.13) ~ (Inn) ma~ L IAkj(z)! = 0 -j , 
~ED k=l n 

i=O, ... ,q, 

and for 1 < p < 00 , 

(2.14) i=O, ... ,q, 

for any sequence {bk }, k = 1, ... , n. 

Of course, if we choose a~) = 0, then the polynomials H N(f; .) become 
H N(f; .) that satisfy the Hermite-Fejer interpolation condition (1.2). It is well 
known that even for the case D = U, the unit disk, there exists an f E A( U) 
such that H N(f; .) does not converge uniformly to f on U. We have the 
following result on the order of uniform approximation. 

Theorem 3. Let r belong to class i2 and f E A(D). Then for any nonnegative 
integer q, 

(2.15) ~E1ilf(z)-HN(f; z)1 =O(W(f; ~)lnn). 
We remark that this result is sharp as shown by the second author in [9] for 

D = U. For nonzero a~) , we have the following result. 
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Theorem 4. Let r belong to class i 2 , f E A(D), and q be any nonnegative 
integer. Suppose that 

(2.16) max laUll = 0 (~) , 
lS,kS,n k Inn i = 1, ... ,q, 

and 

(2.17) lim w(f; <.5) In <.5 = O. 
0-->0 

Then 
lim m~ If(z) - HN(f; z)1 = o. 

N-->oo zED 

For LP convergence, 0 < p < 00 , we no longer need In n in (2.15) as in the 
following 

Theorem 5. Let r belong to class i 2 , f E A(D), q be any nonnegative integer, 
and 0 < p < 00. Then 

(2.18) 

Again, this result is sharp even for D = U as shown in [10]. For nonzero 
ayl , we have the following result. 

Theorem 6. Let r belong to class i 2 , f E A(D), q be any nonnegative integer, 
and {a~)} satisfy 

(2.19) i = 1, '" , q. 

Then 
o<p<oo. 

3. PROOF OF THEOREM 1 
To establish Theorem 1, we need three lemmas. 

Lemma 1. Let 0/" 

(3.1 ) 

and 

(3.2) L 1 = .!. W7(Zk) 
1# zk - zl 2 Wn(zk) 

k = I, '" , n, 

I [n - 1 2n~(wk) o/"(Wk)] 
= 20/'(11\) ---;;;; + nn(wk) - o/'(wk ) . 

Proof. From (2.6) and (2.8), we have 

wn(z) = (w" - 1 )nn(w), 
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so that 

(3.3) , n-l n' 1 
wn(z) = [nw nn(w) + (w - l)nn(W)]'¥,(W) , 

from which (3.1) follows. To establish the two identities in (3.2), we first use 
logarithmic derivatives to obtain 

fJ~(Z) _ L I 
fJk(z) - Z - zi 

1# 

with fJk(z) := wn(z)/(z - zk). Since fJk(zk) = W~(zk) and 

fJ' (z ) = lim w~(z)(z - zk) - wn(z) 
k k 7-->Z ( )2 

- A Z - Zk 

. w~(z)(z - Zk) - [W~(Zk)(Z - Zk) + W:'~Zk) (z - Zk)2 + o(Z - Zk)2] 
= hm ------------~------------__ ------------------~ 

Z-->Zk (z - Zk)2 

. w"(Z )(Z-Z )2_ W;"(Zk)(Z_Z )2+0(z_z)2 1" 
hm n k k 2 k k = -2 W n (z k) , 

Z-->Zk (z - zk)2 

we have established the first identity in (3.2). To derive the second identity in 
(3.2), we first observe that 

" -2 -1 , 1 W (zk) = n(n - l)wk n (wk) + 2nwk n (wk) 2 
n n n ['1" ( w k ) ] 

-1 '¥"(Wk) 
- nWk n (Wk) 3 

n ['1" ( W k) ] 

by using (3.3) and the fact that w; = 1. By substituting this quantity and 
the quantity in (3.1) into W~(zk)/W~(zk)' we arrive at the second identity in 
(3.2). 0 

In the following, we give certain estimates on nN and its relation with n~. 

Lemma 2. If r belongs to class ii' then 

(3.4) max Inn(w) - 11 = a (-II ). 
11/112:1 n n 

Furthermore, if r belongs to class i2 , then 

(3.5) 

Proof. To prove (3.4), let 

I n~(w) I max n-( ) = 0(1). 
111112:1 :'''n W 

W U _ { ('¥(w) - '¥(u))/(w - u) for u -:f. w, 
(3.6) g() 

, - '¥'(w) foru=w, 
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where lUi, Iwl ~ 1. Hence, from the definition of nN(w) and g(w, u), we 
have 

(3.7) 
n 

In nN(w) = Lin g(w, w k ), 

k=1 

where the branch of the logarithm is taken so that In 1 = o. On the other hand, 
it is clear that 

(3.8) 
a In g(w, u) -'1" (u)(w - u) + ('I'(w) - 'I'(u)) 

au (w - u)('I'(w) - 'I'(u)) 

and 

(3.9) 
11'I'(w) - 'I'(u) - o/(u)(w - u)11 = I f,['I"(¢) - 'I"(U)]d¢1 

:S C1 a1 (Iw - ul) f, Id¢1 :S C21w - ula1 (Iw - ul), 

where y is a contour joining u to w on I¢I ~ 1 with length bounded by 
~Iu - wi and a1 denotes the modulus of continuity of '1". By using (2.4), 
(3.8), and (3.9), we have 

lalng(W,U)1 <cal(lw-ul) 
au - Iw - ul ' 

for lui, Iwl ~ I. Hence, from the hypothesis that r belongs to class il ' as a 
function of u on lui = 1, the function lng(w, u) satisfies the Dini condition 
uniformly on Iw I = 1 . It follows that 

(3.10) 
00 a(w) 

lng(w, u) = L _J_j _ 

j=1 U 

uniformly on lui, Iwl ~ 1. From the property 

~ _ j _ {o if n f i, 
~wk -
k=1 n if n Ii 

of the nth roots of unity, we have, from (3.7), 

(3.11 ) 
00 

lnnn(w) = n La1n(w) 
1=1 

uniformly on Iwl ~ 1. To estimate aJ(w), since r belongs to class il we may 
use the Hardy-Littlewood inequality (cf. [4, p. 100]) 

(3.12 ) 1'1'''( )1 < Cal (lui - 1) 
u - lul- 1 ' lui> 1. 
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Indeed, letting I < p :s; ~ , we have from (3.8), for Iwl = 1, 

{ 10 2 In ~ (~ , u) II d u I 
J1ul=p au 

= 'P (u) + ('P (u)) _ 1 Idul I /I I 2 I 
lUI=p 'P(u) - 'P(w) ('P(u) - 'P(W))2 (w - U)2 

:s; ( 1~~lldUI Jjul=p 'P(n) - 'P(w) 

( I 'P' (u) 1 I 
+ J1ul=p 'P(u) - 'P(w) - w - u I 'P' (u) 1 I d 

'P(u) - 'P(w) + w - u I ul 

:= II + 12 , 

where by applying (2.4) and (3.12), we have 

I < C (JI(p-l) { du < C (JI(p-l) In_I_ 
I - I P - I J1ul=p Iw - ul - 2 p - 1 P - 1 ' 

and by using (3.9) and (2.4), we also have 

12 :s; C I { (JI (Iw - ~I) Idul :s; C2 (Jt (p - 1) In _1_. 
J1ul=p Iw - ul p - I P - 1 

That is, 

(3.13) ( la 2 ln g(w, u) IldU I :s; C (JI (p - 1) In _1_ , 
J1ul=p au2 p - 1 P - 1 

p> 1. 

By taking the second derivative of the power series (3.10) and applying the 
estimate in (3.13), we have, for} = 2,3, ... , 

la(w)1 = 1_1_. ( .. 1 a21ng(~, u) uJ+ I dul 
J 27[[ J1ul=p}(j + 1) au 

:s; pJ+I { la 2In g (W,U)lldU I <C J+I(JI(p·-I)ln_1_. 
2n/ J1ul=p au2 - p /(p - 1) p - 1 

By taking p = 1 + 7 ' it follows that 

( .-1) 
max ia(W)i :s; C(JI} In}. 
111'1=1 J } 

We now apply this estimate to (3.11), yielding 

00 (J (1IIn) 
max lin Qn(w)1 :s; Cn L I I InUn) 
11/11=1 1=1 n 

:s; C roo (JI(ll t ) lntdt = C tin (JI(s)llnsl ds 
I n t Jo s 

:s; ~ tin (JI (s) Ilnsl 2 ds = 0(_1_) , 
Inn Jo s Inn 
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where (2.2) has been used. This estimate is equivalent to (3.4). 

To prove (3.5) for r belonging to class i 2 , we will apply the inequality of 
Hardy-Littlewood 

(3.14 ) lui> 1, 

where (J2 denotes the modulus of continuity of '1''' (u). Set 

'1" (u) 
gl (w, u) = 'I'(w) _ 'I'(u) - -w---u 

Then by taking the logarithmic derivative of Q n and g(w, wk) in (2.8) and 
(3.6), respectively, we have 

Q~(w) ~ g'(w, wk ) ~ 
(3.15) Q (w) = L...- g(w w) = L...- gl (w, w k ), 

n k=1 'k k=1 

where gl(w, u) = 'I"(u)/('I'(w) - 'I'(u)) - 1/(w - u), hence, in view of r 
belonging to class i 2 ' we have 

00 b(w) 
(3.16) gl (w, u) = L _J_j_ 

j=1 U 
uniformly on lui, Iwl ~ 1. By applying (3.14) we may obtain an estimate 
similar to that of (3.13), namely, 

r la2gl(~' U)lldUI ::::: c(J2(P-1l) In-I-I' 
1lul=p au P- P-

where P > 1 . Hence, as before, we have 

max Ibj(w)1 ::::: C(J2(!-I) In i 
11/11=1 } 

and 

Iwl = 1, 

so that 

maxIQ~(W)I:::::cnf:(J2(1/ln) In(ln)::::: t/n (J2(t) Ilntldt 
Iwl~1 Q'l(w) 1=1 In 10 t 

which is o( 1) by (2.3). This completes the proof of the lemma. 

Remark. In [10], where Lagrange interpolation (or q = 0) was considered, the 
Jordan curve r was assumed to belong to C l + b , r5 > o. However, from our 
estimate (3.4) and the procedure in [10], it can be shown that the result there 
also holds for r belonging to class i l . 

As a consequence of estimates (3.5) in Lemma 2, the identity (3.2) in Lemma 
1 yields the following result. 
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Corollary 1. Let r belong to class i 2 . Then 

( 3.17) L 1 = (n -, 1) _ \}'1I(Wk) 2 + 0(1) 
1# Zk - ZI 2Wk \}' (Wk ) 2 [\}'I(Wk)] 

uniformly in k, 1 :S k :S n . 
In the proof of Theorem 1, the following estimates will also be used. 

Lemma 3. Let r belong to i2 . Then for k = 1 , 2, ... , nand r = 0, 1, ... 

(3.18) L 1 r+l = O(n r+ 1) 
1# (zk - zl) 

and 

(3.19) drr (Z-Zk) I =O(nr- 1) 
dz Wn(Z) z=z! 

uniformly in k, 1 :S k :S n . 
Proof. The estimate (3.18) for r = ° can easily be deduced by (3.17). For 
r ~ 1 , by using (2.4) we have 

1 L (7 1 )r+ll:s L 1 Z ~ Z I
r+1 

:S C2 L 1 W ~ W I

r
+

1 

1# ~k - ZI 1# k 1 1# k 1 

[(n-l )/2] 

:S 2C2 L 
1=1 (2 sin In/n)r+1 

[(n-lj/2] 1 
< 2C '"'" = O(nr+l) 
- 2 L. (41/n)r+1 . 

1=1 
We are going to verify (3.19) by induction. For r = 0, by using (3.1), (3.4), 

and (2.5), we have (3.19). For r ~ 1, by the induction hypothesis and using 
(3.18), we obtain 

(:~(:) ) (H « I,~,( ~ - (:~(;) t Z ~ ZI) (I) 1 ,~'( 
1# 

= - ~ (~) (:~(;t ) (lJ) (t Z ~ ZI) (H) I,~, 
1# ! 

= _ ~ (s) (Z - Zk)(lJ 1 ~ (_1)5-11(s - v)! 
L. v W (z) L. (7 _ Z )S-11+1 
1'=0 n 1=1 ~ 1 

1# 
n 

= L C) O(nn-I). 0 (n S -
1J + 1) = O(n\ 

1'=0 

This completes the proof of the lemma. D 

1------A 
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We are now ready to prove Theorem 1. 

Proof of Theorem 1. For q = 0, from (2.7), it is clear that 

which yields (2.9) by using (3.19) in Lemma 3. We will now use induction in 
q. Indeed, by the induction hypothesis and using (3.19) in Lemma 3 it follows 
that 

1 v (v) di (Z - Z )q+l d v - i (Z - Z ) I 
= v! f; j d zi Wn(z) d zV-i Wn(z) Iz=z, 

=~~(v) ·!0(_1 )0(nV-i-1) =o( 1 ). 
v! L J J nq-;+l nq+2- v 

;=0 

This completes the proof of Theorem 1. D 

4. PROOF OF THEOREM 2 

We first establish the existence and uniqueness of H NU; .) for any given 
f E A(D). Since N = (q + l)n - 1 , it follows from the definition (2.11) that 
Ak E 7r N. Hence, HNU;·) E 7r N also. Next, we will establish (2.11). For 

I 

Ii:- k, it is clear from the first factor that Atl(z{) = 0 for all v, j = 0, ... ,q. 
We now consider the case 1= k. From (2.10) and (2.7), it follows that 

Hence, for v < j, we have At)(zk) = o. For v = j, then AVj(Zk) = 1. 
Finally, for v > j, we also have A~/(Zk) = o. This establishes the inter-
polatory property of Aki in (2.11). Thus, by defining HNU;·) as in (2.12), 
HNU;·) solves the interpolation problem (1.1). The uniqueness of HNU; .) 
is trivial. D 

In order to establish the estimates (2.13) and (2.14), we need the following 
lemma. 
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Lemma 4. Let r belong to class j I' Then 

(4.1 ) n I W (z) I max L n, = O(ln n) , 
zED k=1 (z - Zk)Wn(Zk) 

(4.2) 
. n I W (z) II +<5 

max L n, = O( 1) , 
zED k=1 (z - zk)wn(zk) 

and for 1 < p < 00 , 

(4.3) II"kn=1 bk Wn(z~ II = 0 (max Ibkl ) . w (z - zk)wn(zk) I::;k::;n 
p 

Proof. From (2.8) and (3.1), we have 

( 4.4) 
Wk 'P'(wk)(w n - 1) nn(w) 
n('P(w) - 'P(wk)) nn(wk) ' 

where Z = 'P(w) and zk = 'P(wk). For the unit disk, it is well known (cf. 
Gaier [6, pp. 80-81]) that 

max -'s.. = O(ln n ). n I W w n - 1 I 
Iwl::; It; n W - wk 

In addition, for .-5 > 0 it is also well known (cf. [9]) that 

max t I w k w n 
- 1 1

1
+<5 = 0(1). 

Iwl::;1 k=1 n w - wk 

Hence, by applying (2.4), (2.5), and (3.4) in Lemma 2 to (4.4), we have both 
(4.1) and (4.2). Next, by (4.4), it follows that 

tb wn(z) 
k=1 k (z - zk)w~(zk) 

= tb wk'P'(wk)(xn -1) ('Pn(W) -1) + tb wk w n - 1 
k=1 k n('P(w) - 'P(wk)) 'Pn(wk) k=1 k n w - wk 

~bWk n 1 ['P'(Wk) 1 1 + W k n(w - ) 'P(w) - 'P(w ) - w - W 
k=1 k k 

:= Is + 16 + 17' 
By applying (4.1) and (3.4) in Lemma 2, we obtain 

m~ 1151 = 0 (max Ibk l ). 
~ED I::;k::;n 

In order to estimate 17 , we may assume, without loss of generality, that Iw - 11 
is not greater than Iw - wk I, k = 1 , 2, ... , n - 1 , so that 

7r 
I argwl :::; -, n Iw n - 11 < n, w - 1 -
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and 

I 1 I {n/n, l:Sk:Sn/2, 
W - Wk:S (n - k)/k, n/2 < k :S n - 1. 

Hence from (3.9), we have 

( 4.5) I b nl~ n ( W n - 1) [ 'I' ( W ~ ~ ~ ( 1) - W ~ 1] I :S CI b n I 
and 

(4.6) IE bk :k (w n - 1) ['I'(w~/~W4~Wk) - W ~ wJ I 
C Ib 11 n2:-1 a l (Iw - wkl) 

< max k -
- l<k<n-l n Iw - wkl - - k=l 

< C max Ib I~ t a l (k/n) 
- l~k~n-l k n k=l kin 

:S C max Ibkl t a l (t) dt :S C max Ibkl, 
l~k~n-l 10 t l~k~n-l 

where the condition in (2.2) is used. Thus combining (4.5) and (4.6), we obtain 

rna! 1/71 = 0 (max Ibk l) . 
IzlED l~k~n 

Finally, by the Marcinkiewicz-Zygmund inequality for 1 < p < 00 (cf. [15]), 
we have 

1I/611p = 0 (~ i)bk IP ) lip = 0 ( max Ibkl) . 
n k=l l~k~n 

This completes the proof of the lemma. 0 

We now return to the estimates of (2.13) and (2.14) and obtain 

( wn(z) )q+l 1 q 
Akj(z) = (z _ zk) j!D:k q_j(z - zk) 

( wn(z) )q+l (z - zk)j q-j-l v 
+ -- ., 2: D:kv(z - zk) 

Z - zk J. v=o 
:= 18(z) + 19(z). 

Hence, by (3.1) in Lemma 1, (3.4) in Lemma 2, (2.5), (2.9) in Theorem 1, and 
(4.1), (4.3) in Lemma 4, we have 

n ( 1 ) n I W n ( Z ) I ( In n ) 2:1/8(z)1 = 0 } m~2: I = 0 -j 
k=l n zED k=l (z - Zk)Wn(Zk) n 

and for 1 < p < +00 

II ~ bkl (Z)II = O(n) max IbkD:k -·1 = 0 (~) max Ibkl· ~ q j l~k~n q J nJ l~k~n 
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Similarly, by (3.1) in Lemma 1, (3.4) in Lemma 2, (2.5), (2.9) in Theorem 1, 
and (4.2) in Lemma 4, we have 

t 1/9(z)1 = 0 (~j ) . 
k=1 

By combining these estimates, we have established both (2.13) and (2.14). D 

5. PROOF OF THEOREMS 3-6 

Let I belong to class i2 and 1 E A(D). It is known (cf. Theorems 1 and 6 
in [5, Chapter 9]) that there exists P N E 7C N such that 

(5.1) ~E~ I/(z) - PN(z)1 = 0 ( W (I; ~ )) 

and 

( 5.2) m = 1,2, .... 

By using the first part of Theorem 2, we have 
iV 

(5.3) I(z) - HN(f; z) = I(z) - PN(z) + L (PN(zk) - I(zk)) AkO(z). 
k=1 

n q 
() + L L P,~ (zk)Akj(z) 

k=1 j=1 

Hence, by applying (2.13) and (2.14) of Theorem 2 and (5.1), (5.2) above, we 
have completed the proof of Theorem 3. Next, we write 

IV q 

I(z) - HN(f; z) = I(z) - H,,(f; z) + L L a~) Akj(z). 
k=1 j=1 

Here, by using the hypothesis (2.17) and Theorem 3, we have 

ma~ I/(z) - HfV(f; z)l---+ 0, 
::ED 

and by using the hypothesis (2.16) and applying (2.13) in Theorem 2, we also 
have 

N q 

m~ LLa~)Akj(Z) ---+ 0. 
::ED k=1 j=1 

This completes the proof of Theorem 4. The proofs of Theorems 5 and 6 are 
similar simply by applying (2.14) in Theorem 2, noting that Holder's inequality 
can be applied for ° < p ::; 1 and using the result for p = 2. D 

6. FINAL REMARKS 

In this section, we give examples of the domain D whose boundary curve 
I belongs to classes i l and i 2 . Let I be of class C l and denote its angle of 
inclination as a function of arc length 5 by 8(5), 0::; 5 ::; 111 , the length of 
1. 
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Proposition 1. If r satisfies 

(6.1 ) lnaW(e;t)11 13d nt t<oo, 
o t 

a> 0, 

then r belongs to class J 1 • 

Of course, every r of class C 1 +t5 for some f5 > 0 satisfies (6.1). We also 
have the following 

Proposition 2. If r satisfies 

(6.2) Ina w( e' ; t) II 12 d nt t<oo, 
o t 

a> 0, 

then r belongs to cfass J2 . 

Of course, every r of class C2+t5 for some f5 > 0 satisfies (6.2). 
To prove these results, we need the following result in [14]: If 

( 6.3) Ina w( ern) ; t) 
---'---'- d t < 00 , 

o t 
a> 0, 

then ,¥(n+l) is continuous on Iwl 2: 1 and 

( t w(e(n) ., r) 
(6.4) w (,¥(n+I); t) = 0 10 r dr 

f a w(e(n). r) 1) 
+ t 2 ' dr + tin - , 

I r t 
a> O. 

Let n = O. If (6.1) is satisfied, so is (6.3), and hence'll' is continuous on 
Iwl2: 1. Using (6.4) for n = 0, we have 

r w('¥'; t) lin tl 2 dt 
10 t 

= o(foa (fol w(er; r) dr) Iln/ 12 dt 

+ foa (t fa W(~; r) dr) Iln/ 12 dt+ foa t In;l/t)lln tl 2 dt) 

= 0 (foa (la lint tl 2 dt) W(~; r) dr 

+ foa (foT Ilnt l2 dt) W(~; r) dr) +0(1) 

= 0 (foa W(~; t)llntl3 dt) + 0(1) < 00. 
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That is, r is of class j I' This completes the proof of Proposition 1. The 
proof of Proposition 2 is similar by applying n = 1 in (6.3) and (6.4), using 
the condition (6.2). 0 

We conclude this paper by posing three open problems. 
(1) In this paper, we consider the (0, 1, ... , q) Hermite-Fejer interpolation 

problem where the interpolatory polynomials H N (f; .) satisfy H~) (f; Z k) = 
0, j = 1, ... ,q and k = 1, ... , n. It is interesting to study if the conver-
gence and estimates in this paper are still valid if we impose a more general 
interpolatory condition: 

HN(J)(f', zk) = 0 .. . 1 k 1 lOr} = , ... , qk' = , ... , n, 

where qk = qk(n) satisfies maxl~k~n qk(n) ::; M < 00 for all n. 

(2) How much can the Fejer points zk = znk be perturbed on r so that the 
convergence and estimates in this paper are still valid? 

(3) If D is different from the unit disk, do there exist (0, m l ' ... , mq) 
Birkhoff-Fejer interpolants B N (f; .) ; that is, 

and 

for j = 1, ... ,q and k = 1, ... , n? If BN(f;') exist, do they converge to 
f in L P , 0 < p < oo? For the unit disk, results on convergence and estimates 
have been obtained in [101. 
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